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Abstract We investigate the applicability of the Method
of Regularized Stokeslets (MRS) in the simulation of
micro-swimmers at low Reynolds number. The chosen
model for the study is the well-known three linked spheres
swimmer. We compare our results with the lattice Boltz-
mann method, multiparticle collision dynamics, a nu-
merical solution of the Oseen tensor equation and an
analytical solution, all taken from Earl et al. [J. Chem.
Phys. 126, 064703 (2007)]. The MRS is studied in de-
tail, and our results show an excellent agreement with
the lattice Boltzmann method, and with the analytical
solution in its range of validity. We conclude that the
MRS is well suited for this type of simulation, offering
advantages such as being easy to implement and to rep-
resent complex geometries. Therefore it presents itself
as a suitable candidate for more complex simulations.
Keywords Microswimmer · Stokeslets · Stokes Flow ·
Regularization
1 Introduction
The interest in the study and development of micro
swimmers has been growing in the past years.
Microswimmers are mechanisms, whether biological or
not, of microscopic dimensions that propels itself in a
fluid. Some examples are biological creatures like bac-
teria and human-made micro-robots. The study of the
individual and collective behaviour of these small ma-
chines has led to the discovery of many new and curious
phenomena, and they are currently objects of interest
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in many lines of research [10].
The locomotion and interaction of microscopic swim-
mers in newtonian and incompressible fluids can be
studied using the mechanical equations. At such small
scales and low velocities, the Reynolds number is small,
and a simplified linear approximation of the Navier-
Stokes equations can be used [2]. The linear Stokes
equations, as it is called, is obtained by disregarding the
inertial terms, given the dominance of the viscous force
at this scale. In this process, we remove any non-linear
term, and also any time dependence from the equa-
tions. The inexistence of time reflects the fact that at
this regime, fluids respond instantly to perturbations,
which dictates the time evolution of the physical quan-
tities of the fluid.
As a consequence, if a force suddenly stops acting
on the fluid, the generated flow also vanishes suddenly.
Additionally, any time external forces are inverted, an
inverted flow pattern takes place. These and other prop-
erties make low Reynolds number flows unique, and are
responsible for some very curious phenomena, such as
the possibility to reverse fluid mixing under certain cir-
cumstances [7]. They also impose a set of conditions for
autonomous swimming. As explained by Purcell in his
famous paper [14], only mechanisms that execute a non-
reciprocal sequence of movements, that is, movements
that do not look the same when analyzed backwards in
time, are capable of travelling arbitrary long distances
in such environments. One of the simplest swimmers
that satisfies these conditions is the three-sphere swim-
mer proposed in 2004 by Najafi and Golestanian [12]
and further analyzed in 2008 [9]. Since then, this model
has been extensively studied by numerical, analytical
and experimental methods [6,11,13]. Because of its sim-
plicity and the possibility of analytical studies, it can
serve as a good initial test for numerical methods that
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may later be used for more complex systems (although
there is another simple model [1] that could also be
used). The study of such mechanisms using the linear
equations is not always trivial. The linearization is gen-
erally not enough to make the task of predicting fluid
behaviour easy. Usually, only trivial cases with simple
geometries or few constituents can be studied analyti-
cally in great detail.
For this reason, there is still interest in the devel-
opment and study of new methods for simulating low
Reynolds number interactions. Nowadays, highly used
methods for these situations are the multi-particle colli-
sion dynamics (MPC) and the lattice Boltzmann method
(LBM). Both have very different approaches, merits
and limitations. The MPC and LBM methods, together
with a numerical solution of the Oseen tensor equations
(OTE) and an analytical approximation, have been ex-
plained and compared in the specific case of the three
linked spheres swimmer in [5]. Here, based on this work,
we proceeded to add a fourth method in the compari-
son, namely the Method of Regularized Stokeslets (MRS)
[3]. For this comparison, we implemented the MRS for
the same system to compare to MPC, LBM, OTE and
the analytical approximation. Our results show that the
MRS is well suited for this type of simulation, showing
good agreement with the analytical solution in the valid
domain. We finish by concluding that the MRS is a use-
ful tool to be used in the study of interactions at low
Reynolds number. We also discuss the peculiarities of
the method and its numerical implementation details.
2 The method of regularized Stokeslets
The MRS is based on a slight modification of the Green
function method for the linear Stokes equations. The
Green function response for a delta distribution has a
singularity at the perturbation point. Therefore it is not
much useful when used in discrete combinations, since
it adds singularities to the flow, not being very repre-
sentative of any physical behaviour. It can be useful in
situations where the force of interaction on a continu-
ous boundary is known at each point, or a realistic one
can be guessed. In this case, it can be integrated to give
the total flow generated by this interaction. In contrast
with the standard Green method, the delta distribu-
tion is replaced by a smooth, radially symmetric and
normalized function over the whole space in the MRS.
This function is controlled by a parameter  > 0 that
determines how localized the force is.
The equations to be solved are:
µ∇2u = ∇p− fφ (1)
∇ · u = 0 (2)
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Fig. 1: φ given in Eq. (3) for the indicated parameters,
a smaller  results in a taller and more localized func-
tion. It approximates a Dirac delta in the limit → 0.
Where u is the fluid velocity, µ is the viscosity, p is
the pressure, f is a constant vector representing the
interaction force and
φ = f(x) = g(|x− x0|) (3)
is the chosen regularized delta, dependent only on the
distance from the perturbation x0.
In this paper, we use the amply used φ(r) given by [3]
and shown in Fig. 1.
φ(r) =
154
8pi(r2 + 2)7/2
(4)
Equations (1) and (2) are solved by:
µu(x) = (f · ∇)∇B(x− x0)− fG(x− x0) (5)
valid for the 2D and 3D cases (derived in [3] together
with an expression for the pressure). G(r) and B(r)
are auxiliary functions defined as solutions of∇2G(r) =
φ(r) and ∇2B(r) = G(r), for r = |x− x0| and, in
all equations the vector operators act on the cartesian
coordinates x. By supposing G and B radially sym-
metric, we can find G up to one additive constant and
B up to two, according to the choice of φ. Interest-
ingly, this type of perturbation generates a finite and
non-singular response at the point of perturbation, al-
lowing the no-slip condition to be imposed at x = x0,
leading to the possibility of using these perturbations
to represent small particles. The response now can be
interpreted as a velocity field generated by a mean in-
teraction over a ball. We can also use a finite, discrete
and closely placed set of such perturbations to repre-
sent a surface interaction. Since the equations (1) and
(2) are linear, the velocity response of multiple pertur-
bations can be constructed by a linear combination. If
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we have N interactions with the fluid, each one exerting
a force fk at points xk, we can build the solution:
u(x) = U0 +
1
µ
N∑
k=1
(fk · ∇)∇B(rk)− fkG(rk) (6)
for rk = |x− xk|. The expression within the summa-
tion can be expanded and simplified given that B and
G are dependent on |x− xk| only, as also shown in [3].
The final expression depends on the functionsG, B′ and
B′′. After substituting G, B′, and B′′, there will be a
maximum of one constant multiplying the forces. When
needed, the vector U0 is chosen as a specific linear com-
bination of the forces fk needed to eliminate any term
proportional to fk from the auxiliary functions, thus re-
moving any constant contribution for the velocity while
(in three dimensions) maintaining the property of giv-
ing zero velocity when there are no forces applied; oth-
erwise, we set U0 = 0. Eq. (6) can be used to compute
flows if we know the forces of interaction. In general, we
only know the velocities of each point, and due to the
regularization, the no-slip condition can be imposed at
each point xi:
u(xi) = U0 +
1
µ
N∑
k=1
(fk · ∇)∇B(rik)− fkG(rik) (7)
where rik = |xi − xk|. Since we chose U0 to be 0 or a
linear combination of the forces fk’s, this sum can be
seen as:
u(xi) ≡ ui =
N∑
k=1
M(rik)fk (8)
where each term is composed of a linear operator M
dependent on the distances, acting on fk. If D is the
dimension, the operatorM acts on RD, and its matrix
representation has size D2. However, the whole system
can be seen as a linear system in RDN :
U =MF (9)
if we treat U and F as augmented vectors of size D ·N
andM as the augmented matrix of allM ’s. Since now
we know the velocity of each particle, we can solve Eq.
(9) numerically for the forces and then return to Eq.
(6) to compute the flow. Generally, the matrix M is
not invertible, but we can find solutions with iterative
methods. In this paper, we used GMRES with zero ini-
tial guess in every case. With a choice of φ we can
find the auxiliary functions, and then the expressions
for each operator M and consequently for M. Recall-
ing φ from Eq. (3), the expression for the operator is:
[M(rik)]lm =
1
µ
{F1(rik)δlm + F2(rik)(rik)l(rik)m}(10)
with:
F1(r) =
1
8pi
r2 + 22
(r2 + 2)3/2
(11)
F2(r) =
1
8pi(r2 + 2)3/2
(12)
D
δ
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step 1
step 2
step 3
step 4
Fig. 2: Qualitative view of the swimmer motion in a
complete cycle. After four steps it returns to its original
configuration, but in a different location.
3 The three-sphere swimmer
For the comparison, we analysed the swimmer proposed
in [12] and studied by multiple methods in [5], the
three-sphere swimmer. This swimmer consists of three
spheres of radius R, connected on a line by two arms
of negligible thickness. The swimmer moves by chang-
ing its arm’s lengths in a specific manner so that the
complete sequence is non-reciprocal. The complete cy-
cle consists of four steps, wherein at each step, one arm
is kept fixed while the length of the other is changed by
an amount we define as δ with a constant rate. That
is illustrated in Fig. 2. After one complete cycle, the
swimmer returns to its original configuration, and we
measure ∆, the translated distance.
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4 Numerical Study
4.1 Validation and tests
Before using the method for the swimmer, we decided
to validate and test our implementation with the case
of a single sphere translating with constant velocity,
a case for which we had data to compare [4, 15]. Also,
since the swimmer consists of three translating spheres,
we used these tests to decide what values of N ,  and
what type of discretization to use.
The choice of N must be carefully taken since it is
the parameter that has the most significant effect on
computational time and memory usage. We recall that
the matrix M has (ND)2 terms. Ideally, for the best
precision, N should be set as big as possible, with 
approaching zero. If N is too small, the set of points
will not represent well the surface of the sphere, and
we would get poor results. Due to the limited mem-
ory and computing power, we must find a balance be-
tween memory, speed and precision. A drawback of the
method is that the matrixM, Eq. (9), is generally not
sparse. Its sparsity depends on the configuration of the
points. Because of that, it is not possible to reduce
memory usage by using alternative storage methods for
sparse matrices. Luckily the MRS enables us to get good
results by using the strategy of decreasing the number
of points and increasing the volume of interaction by
increasing , and in general, as in the case of our simu-
lations, memory requirements were easily achievable.
For every value of N , we have to adjust . There is
no general rule to find the best value of  for a given
N [8]. In general, it depends upon the distances between
points. Our approach is to choose  after defining N , by
varying it until we get enough precision. For this set-up,
the total force was a well behaved function of , and for
every N , there was a single point of minimization of the
error, similar to Fig. 4 in [15], so we set  as close to this
point as desired. For the discretization method, since
we are using the same  for every point, we looked for
placing the points as equally spaced as possible. How-
ever, there is no perfect way to place N equally spaced
points on a sphere. Three techniques and their impli-
cations while using this method were discussed in [15].
Besides that, the symmetry of the discretization must
be taken into consideration.
We first tested a Fibonacci lattice since it is a very
simple rule and generates very uniform distributions.
The sphere was translated in the x-direction. We used
N = 1800, which showed to be more than enough for
our purposes, and R = 3 since this is the radius of the
spheres of the swimmer. We compared the modulus of
Fig. 3: Side (left) and up view (right) of the discretized
sphere with 1800 points and R = 3, using a Fibonacci
lattice.
the total force and torque obtained numerically, which
in this case are respectively:
F =
N∑
k=1
−fk (13)
T =
N∑
k=1
rk ×−fk (14)
(given the origin set in the central point of the sphere),
with the known analytical expressions for the sphere:
F = 6piµa|u| and T = 8piµa3|Ω|. For this N , we did
achieve enough precision for the force for the value of
 that is shown in Table 1. We were getting very prox-
imate values for the total force, however the y and z
components were different from zero by a tiny amount,
and we were measuring a very small, but not zero net
torque, for both sideways and upward translations. This
is was also reported in [15], and it is not in agreement
with the analytical predictions of zero torque for pure
translations. This is expected because the discretization
is not perfectly symmetric, as shown in Fig. 3. However,
later we verified that this torque was small enough to
be ignored, and for this case, we could have just ignored
any rotation or movement out of the x axis.
But because of these small discrepancies, we de-
cided to test another method of discretization, known
as cubed-sphere or box to sphere. In this discretization,
we place the points by projecting a uniform square grid
on the surface of the sphere, as illustrated in Fig. 4.
Although this discretization is not as uniform as the
previous one, it has multiple planes of symmetry. We
obtained very precise values for the total force and, we
reproduced exactly the values obtained in [4]. We have
now obtained zero torque in every case since xy and
zx are planes of symmetry. As it was stated in [15], as
long as we use a large number of points, the non unifor-
mity of the discretization is not so important for preci-
sion on the total force. However, we must add that the
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Fig. 4: Cubed-sphere discretization for a 16×16 grid in
each face, with R = 3. This face was translated in the
x direction.
Table 1: Values of N and  used for each discretization
type in the simulation of the swimmer.
Fibonacci lattice Cubed-sphere
N 1800 1536
 0.0942797519 0.1095680485
symmetry may be an important factor, as this case sug-
gests. For this discretization method, we used grids with
16×16 points, that means a total of N = 6×162 = 1536
points. The value of  is shown on Table 1.
4.2 Simulation of the three-sphere swimmer
The swimmer is modelled by three spheres, discretized
by the methods discussed in section 4.1. For each dis-
cretization type, we used the number of points and the
values on  of Table 1.
The method implementation for the swimmer requires
some adaptations since now we are dealing with mov-
ing boundaries. Mainly, we need to recompute matrix
M at each step, and to determine the velocities of each
sphere. Since we are interested in studying autonomous
swimming, we must find solutions that satisfy at every
step, the following conditions:
N∑
k=1
fk = 0 (15)
and:
N∑
k=1
rk × fk = 0 (16)
which means that the movement does not require any
external forces or torques. Condition Eq. (16) can be
satisfied by taking the same precautions as the case
of a single sphere. Again, only by analyzing the swim-
mer and its symmetry, we can conclude that no torque
should act on it during any of its steps. So if we use
v - L˙ −v −v
x
z
y
Fig. 5: Example of the first step of the swimmer and
the respective velocities.
a proper symmetric discretization, this condition is au-
tomatically satisfied in any longitudinal motion of the
spheres. However, as in the case of the Fibonacci lat-
tice, the asymmetry is so small that the resulting small
torque is negligible. To satisfy Eq. (15) we needed a
more subtle mechanism. We will exemplify how we pro-
ceed using the first step as an example, but this argu-
ment is valid for all swimming steps. By the construc-
tion of the swimmer, at every step, we have the con-
straint that one arm is retracting or extending with a
given constant rate, which we call L˙, while the other
remains fixed. To satisfy this constraint, we can set the
velocity of each sphere, as illustrated in Fig. 5, with L˙
negative, if the arm is retracting; v is an arbitrary ve-
locity, and all the vectors are in the direction ıˆ. With
this setup, for any value of v, which is measured relative
to the fluid, we have the execution of step one, but to
satisfy Eq. (15) we have to find the specific value of v
that will result in a total null force. Because of the sym-
metry, we expect for any motion of this type, that the
y and z force components sum up to zero. If that is the
case, the total force will be given simply by F = Fxıˆ,
and now, because of the linear relation Eq. (9), it will
depend linearly on v.
Fx = mv + b (17)
Using that, we find the correct value of v by solving two
linear systems for the forces with two different values of
v, computing the respective total forces and with these
two values finding the root of Eq. (17). With this v we
update the positions with:
rk(t+ δt) = rk(t) + uk(t)δt (18)
This process is repeated, verifying if it is time to go to
the next step of the swimming motion until the cycle
is complete. When one complete cycle is executed, we
measure the displacement ∆.
5 Results
Since our aim is to compare the MRS with other meth-
ods that were implemented in [5], we used the same
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parameters of this work: R = 3 and D = 25. The simu-
lation is done by varying the parameter δ and comput-
ing the net displacement ∆ after one complete cycle.
We present our data in Fig. 6 by plotting our results
directly on top of the data from [5] (with permission)
1. Our result is shown with a dotted line. The data
is presented by the relation between the dimensionless
variables ∆/R and δ/D. What we call δ was denoted by
ε in the original figure. We ran two simulations for the
swimmer. In each one, we discretized the spheres by
each method discussed previously and used the same
number of points and  from Table 1. However, the re-
sults are visually indistinguishable, so we are showing
only one of the curves.
This figure shows that the results with the MRS are
in very good agreement with the analytical solution
(dashed line) for δ << D and R << D. For higher val-
ues of δ/D, when the analytical solutions are no longer
valid, our solutions are very close to the LBM (crosses
mark) and MPC (error bars), both methods that are
supposed to work in this range. This indicates a good
behaviour of the MRS for the range of all values of δ/D.
We note that the dot-dashed line, which is an analytical
solution from [12], is good for high δ/D but does not
converge for small values, an assumption initially made
in its deduction. That formula was corrected in [5] and
is shown in Fig. 6 by the dashed line.
6 Conclusion
Although the MRS is already being used in a great
variety of applications, we felt that simpler and more
careful tests were lacking in the literature, specifically
addressing micro-swimmers, in order to explore the de-
tails and capabilities of this method. Here, we filled
this gap by using the MRS to study one of the simplest
models of micro-swimmers, the three-sphere swimmer.
This swimmer was already studied by other numerical
and analytical methods, providing us with material to
compare. First, we have discussed and explained the
theory behind the MRS, showing how it is a different
approach to the Stokes equations, and how the regular-
ization of the perturbation changes the interpretation of
the response, increasing the possibilities of use. We im-
plemented and tested the method for the case of a single
translating sphere, showing the importance of each pa-
rameter and discretization type, and how we achieved
1 Reproduced from Earl, D.J., Pooley, C.M., Ryder, J.F.,
Bredberg, I., Yeomans, J.M.: Modeling microscopic swimmers
at low Reynolds number. The Journal of Chemical Physics
126(6), 064703 (2007). doi: 10.1063/1.2434160. URL https:
//doi.org/10.1063/1.2434160, with the permission of AIP
Publishing.
✵ ✵ ✁ ✵ ✂ ✵ ✄ ✵ ☎
ε✴✆
✝
✝✞✟
✝✞✠
✝✞✡
✝✞☛
✶
∆/
❘
☞ ☞✌☞✍ ☞✌✎ ☞✌✎✍ ☞✌✏
ε✑✒
☞
☞✌☞✎
☞✌☞✏
☞✌☞✓
∆/
✔
∆
/
R
MRS
∆
Fig. 6: Figure taken from [5] with our result plotted on
top with doted line. In this figure,  is what we denoted
as δ. The solid line is obtained by solving the Oseen
tensor equations numerically, the crosses mark is ob-
tained with the lattice Boltzmann, the error bars show
the results obtained by multiparticle collision dynam-
ics, which is a noisy method, the dashed and dotted
dashed lines are theoretical solutions for δ << R and
R << D obtained respectively by Najafi and Golesta-
nian [12] and by the authors of [5].
a balance between precision, memory usage and speed.
We showed two examples of discretizations and what
effects each one had in the final results, achieving good
precision for the total force in both cases. We then stud-
ied the autonomous swim of the three-sphere swimmer
numerically. We modelled the swimmer by using three
discretized spheres. We tested both discretization meth-
ods, obtaining similar results for each one. By compar-
ing our results with results from other methods and
with an analytical solution taken from [5], we showed
that the MRS performed very well, agreeing nicely with
the analytical solution in its range of validity, and stay-
ing closer to the LBM results in higher ranges. This
is a good indication of the reliability of the method.
We conclude that the MRS is a simple, useful and pre-
cise tool to be used in the study of interactions at low
Reynolds number.
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